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We investigate Kardar-Parisi-Zhang (KPZ) surface growth in the presence of long-term correlated noise. By
means of extensive numerical simulations of models in the KPZ universality class we find that, as the noise
correlator range increases, the surface develops a pattern of macroscopic facets that completely dominate the
dynamics and induce anomalous kinetic roughening. This novel phenomenon is not described by the con-
ventional dynamic renormalisation group calculations and can explain the singular behavior observed in the
analytical treatment of this problem in the seminal paper of Medina et al [Phys. Rev. A 39, 3053 (1989)].
PACS numbers: Valid PACS appear here
The dynamics of surfaces and interfaces driven by random
fluctuations has many applications in modern condensed mat-
ter science and statistical physics including the description
of surfaces formed by particle deposition processes in thin-
film growth (e.g. molecular-beam epitaxy, sputtering, elec-
trodeposition, and chemical-vapor deposition) [1, 2], advanc-
ing fracture cracks in disordered materials [3], and fluid-flow
depinning in disordered media [4]. The dynamics of scale-
invariant interfaces is also relevant to understand many classi-
cal problems in statistical mechanics including directed poly-
mers in randommedia, minimal energy paths, and localization
in disordered media [5, 6]. Remarkably, it has also been re-
cently found that there exists a deep connection of interface
kinetic roughening with the evolution of perturbations, the so-
called Lyapunov vectors, in chaotic spatially extended dynam-
ical systems [7–14]. All these theoretical interconnections be-
tween apparently distant problems make the understanding of
all aspects of kinetic surface roughening a central theme in
modern statistical physics.
The time evolution, Langevin-type, equation for the sur-
face height h(x, t) in most of the above mentioned systems
satisfies a set of fundamental symmetries (rotational, trans-
lational in x, time invariance, etc), including the fundamental
shift symmetry h→ h+c, where c is a constant [1]. The latter
immediately leads to scale-invariant surfaces/interfaces with-
out fine tuning of any external parameters or couplings, which
implies generic power-law decay of the spatio-temporal sur-
face height correlations [15]. In a nutshell, a surface is said to
be scale invariant if its statistical properties remain unchanged
after re-scaling of space and time according to the transforma-
tion h(x, t) → bαh(bx, b1/z t), for any scaling factor b > 1
and a certain combination of critical exponents α and z [1, 2].
In kinetic surface roughening the Kardar-Parisi-Zhang
(KPZ) [16] equation plays a central role as the simplest, non-
linear, out-of-equilibrium model in the continuum exhibiting
scale-invariant solutions. KPZ describes a universality class
of surface growth that brings together many different sur-
face dynamics that share the same symmetries including Eden
growth, ballistic deposition, and Kim-Kosterlitz growth mod-
els amongmany others [1, 2]. The KPZ equation describes the
evolution of the interface height h(x, t) at time t and substrate
position x in d+ 1 dimensions and is given by [16]
∂th(x, t) = ν∇
2h+ λ(∇h)2 + η(x, t), (1)
where η(x, t) is an uncorrelated noise
〈η(x, t)η(x′, t′)〉 = 2Dδ(x− x′)δ(t− t′). (2)
The KPZ equation with uncorrelated noise has scale-invariant
solutions as can be rigorously proven by calculating height-
height correlation functions by means of dynamic renormal-
ization group (RG) techniques [16]. In 1 + 1 dimensions one
can obtain the exact critical exponents α = 1/2 and z = 3/2
almost straightforwardly (see for instance [1]) after realizing
that, on the one hand, the stationary solution of the Fokker-
Planck equation associated with the Langevin dynamics, Eq.
(1), in d = 1 is identical to that of the linear (λ = 0) case,
implying α = 1/2 and, on the other hand, that Eq. (1) sat-
isfies Galilean invariance (in any dimension), which implies
the hyperscaling relation α + z = 2. In contrast, exact ex-
ponents are not known in higher dimensions, due to the exis-
tence of a strong-coupling fixed point for d > 1 that cannot be
approached with pertubative RG calculations, and have been
estimated from numerical simulations [17–25] or analytical
approximations of several sorts [26–30].
In many applications the noise is actually correlated. If cor-
relations are short-ranged one expects that, in the long wave-
length limit, the critical exponents should remain exactly the
same as in the case of uncorrelated noise. Indeed, this re-
sult can be rigorously proven by, for instance, RG arguments.
However, in systems where noise correlations are long-ranged
or long-termed the critical exponents do depend on the noise
correlator decay exponents, as was early shown by Medina et
al. [31] using perturbative RG.
While the effect of spatially correlated noise in KPZ has
been extensively studied in the literature [32–46], the case
of algebraic temporal correlations has remained virtually un-
explored so far [47–50]. Interestingly, the effect of long-
term correlated noise in kinetic roughening has earned re-
newed interest as it has been very recently shown to play a
2crucial, and not yet completely understood, role in the in-
terface picture of infinitesimal perturbations (Lyapunov vec-
tors) [10, 14, 51] and the scaling of the Lyapunov exponent
fluctuations in spatio-temporal chaos [8].
In this Letter we find that KPZ growth in the presence
of temporally correlated noise gives rise to surfaces with a
faceted structure and the accompanying anomalous kinetic
roughening. The origin of the faceted pattern can be traced
back to the strong localization properties of the field φ(x, t) =
exph(x, t) and the samemechanism is expected to be relevant
for other surface growth models. Our conclusions are based
upon extensive numerical simulations of two models in the
same universality class. We studied ballistic deposition as an
example of a discrete growth model with KPZ symmetries.
We also performed a direct numerical integration of the KPZ
equation (1) with a long-term correlated noise.
Models.- In our numerical study we needed to generate
very long time series of random numbers with long tempo-
ral correlations at every spatial position x. In particular, one
must generate a spatially uncorrelated time series η(x, t) at
every lattice site x and be certain that the power spectrum
〈|ηˆ(x, ω)|2〉, where 〈〉 denotes noise average, exhibits ex-
cellent scaling at low frequencies so that, at leading order,
〈|ηˆ(x, ω)|2〉 ∼ ω−2θ for ω → 0 at every lattice site x and
the noise correlator scales as
〈η(x, t)η(x′, t′)〉 = 2D δx,x′ |t− t
′|2θ−1, (3)
for time differences |t − t′| > Lz. In this way, we can be
certain that we have spatially uncorrelated noise with power-
law scaling of the temporal correlations for times differences
up to, at least, the saturation time in a system of size L. The
exponent θ ∈ [0, 1/2) characterizes the temporal correlation
range of the noise that becomes more long-term correlated as
θ is increased from zero.
For each lattice site x we generated a noise sequence
parametrized by t using the Mandelbrot’s fast fractional Gaus-
sian noise generator [52, 53]. This algorithm produces a ran-
dom sequence of Gaussian distributed numbers Z(t) which
can be used in the numerical integration of the KPZ equation,
η(x, t) ≡ Zx(t), by generating L independent Mandelbrot
sequences Z1(t), Z2(t) · · · , ZL(t). In the case of the simu-
lations of particle deposition by ballistic deposition we map
η(x, t) = 1 if Zx(t) > 0 and η(x, t) = 0 otherwise. This
digitalization of the noise enhances the statistics of the sim-
ulations by avoiding the formation of overhangs on the sur-
face [47]. We checked that the noise generated has a correla-
tor with the correct scaling at very long times with the desired
decay exponent θ (see Supplemental Material [54]).
We simulated ballistic deposition by implementing the fol-
lowing discrete time evolution for the surface:
h(x, t+ 1) = Max[h(x, t) + η(x, t), h(x− 1, t), h(x+ 1, t)]
where the height h(x, t) is an integer and the noise η ∈ {0, 1}
is temporally correlated as in Eq. (3) with an exponent 0 ≤
θ < 1/2. Periodic boundary conditions were used and the
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FIG. 1. Snapshots at three different times, t1 = 4 × 10
4(black),
t2 = 7×10
4(red), and t3 = 1×10
5 (blue) time steps, of the ballistic
deposition model for the noise correlator exponents θ = 0.15 (a) and
θ = 0.47 (b), in a system of size L = 8192. Profiles were shifted in
the vertical axis for easy view.
algorithm is updated in parallel so that growth is attempted at
all even (odd) sites at even (odd) time steps.
We also carried out a numerical integration of the KPZ
equation with temporally correlated noise. For reasons that
will become clear later the noise correlator (3) yields sur-
faces that develop a faceted pattern with an increasing slope,
〈|∇h|〉, as the correlation exponent θ is increased above cer-
tain threshold. This leads to a numerical instability in fi-
nite time for any discretization of Eq. (1). To avoid this
we replace the nonlinear term λ(∇h)2 by an arbitrary func-
tion λf [(∇h)2] that saturates for large values of the argu-
ment. We have checked several choices for the control func-
tion f(y) with similar results. For definiteness, the numerical
results presented below correspond to the choice f(y) = (1−
e−cy)/c, where c > 0 is a constant. We used c = 0.1 in our
simulations. This is equivalent to include the infinite series of
nonlinear terms λ(∇h)2[1 +
∑
∞
n=1(−c)
n(∇h)2n/(n + 1)!]
in the evolution equation, Eq. (1), while respecting all KPZ
symmetries. This trick stabilizes the numerical scheme for
any 0 < c < 1, as occurs in other growth models in which
the average local slope, 〈|∇h|〉, becomes large [55, 56]. We
discretized Eq. (1), with f [(∇h)2] replacing (∇h)2, with an
Euler finite-differences scheme and the noise correlator given
in Eq. (3) (see Supplemental Material [54]).
Numerical Results.- In all our simulations the surface is
started from a initially flat profile h(x, 0) = 0 and periodic
boundary conditions are used. As time evolves the surface be-
comes progressively rough and height fluctuations grow under
the action of the random noise. Surface correlations are mea-
sured by means of height-height correlations, surface width,
and the structure factor at different times in the evolution. Sur-
face fluctuations saturate and become stationary at a charac-
3teristic time that scales with the system size, t× ∼ L
z.
In Fig. 1 we plot the surface height for the ballistic deposi-
tion simulation in a system of size L = 8192 and correlation
exponents θ = 0.15 and θ = 0.47. It becomes apparent the
spontaneous formation of a faceted pattern as the correlation
index is increased. We found similar pattern formation in the
numerical integration of the KPZ equation (see Supplemental
Material [54]).
Apart from the evident change in the visual aspect of
the height profiles for θ > θth, the coexistence of faceted
patterns with scale invariant dynamics also leads to impor-
tant effects in the scaling behavior of the surface height
correlations. According to Ramasco et al. [57] theory of
generic kinetic roughening, scale-invariant faceted surfaces
obey inherently different scaling functions (and exponents)
arising from the patterned structure. Following Ramasco et
al. [57] the most general description of the scaling proper-
ties of a growing surface is best achieved by using the struc-
ture factor S(k, t) = 〈ĥ(k, t)ĥ(−k, t)〉, where ĥ(k, t) ≡
(1/L)d/2
∫
dx h(x, t) exp(−ik · x) is the Fourier transform
of the surface height h(x, t), and k = |k|. For kinetically
roughening surfaces in d+ 1 dimensions we expect
S(k, t) = k−(2α+d)s(kt1/z), (4)
where the most general scaling function, consistent with
scale-invariant dynamics, is given by [57]
s(u) ∼
{
u2(α−αs) if u≫ 1
u2α+d if u≪ 1
, (5)
with α being the global roughness exponent and αs the so-
called spectral roughness exponent [57]. Standard scaling
corresponds to αs = α < 1. However, other situations may
be described within the generic scaling framework, including
super-roughening and intrinsic anomalous scaling, depending
on the values of αs and α [57]. For faceted surfaces, the case
of interest for us here, one has αs > 1 and α 6= αs so that
two independent roughening exponents are actually needed to
completely describe the scaling properties of the surface [57].
It is important to remark that only the structure factor
S(k, t) allows one to obtain the distinctively characteris-
tic spectral roughness exponent αs typical of faceted grow-
ing surfaces. For instance, the usual global surface width
W (L, t) = 〈[h(x, t) − h(t)]2〉1/2, where h(t) is the spatial
average height at time t and the brackets 〈· · · 〉 denote aver-
age over noise, can be analytically calculated from Eqs. (4)
and (5) using W 2(L, t) =
∫
dk
2piS(k, t) to obtain W (L, t) =
tα/zF(L/t1/z), with the standard scaling function is F(u) ∼
uα for u≪ 1 and F(u) ∼ const for u≫ 1, as was shown in
Ref. [57]. Hence, the anomalous spectral exponent αs leaves
no trace in the usual height-height correlation functions.
In our simulations we analyzed the structure factor S(k, t)
of surfaces produced with the ballistic deposition algorithm
and the discretized KPZ equation for noise with correlation
index θ varying in the interval [0, 1/2). In Figs. 2 and 3 we
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FIG. 2. Structure factor for the ballistic deposition model at different
times in a system of size L = 8192 for θ = 0.15. In the inset,
we plot the collapse of spectral densities using the critical exponents
α = 0.56 and z = 1.50. Data were averaged over 100 independent
noise realizations.
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FIG. 3. Structure factor for the ballistic deposition model at different
times in a system of size L = 8192 in the faceted face, for θ = 0.47.
In the inset, we plot the collapse of spectral densities using the critical
exponents α = 1.02 and z = 1.50. Data were averaged over 100
independent noise realizations.
plot our results for ballistic growth with correlated noise ex-
ponent θ = 0.15 and θ = 0.47, respectively. These θ val-
ues correspond to those plotted in Fig. 1 for easy compari-
son. Data collapse analysis was used to obtain the scaling
behavior of S(k, t) (insets of Figs. 2 and 3). This analysis re-
veals that the structure factor indeed exhibits anomalous scal-
ing, as corresponds to faceted scale-invariant surface roughen-
4ing, in the case θ = 0.47 with a spectral roughness exponent
αs = 1.23± 0.02 and roughness exponent α = 1.02± 0.01,
while αs = α = 0.56 ± 0.02 (i.e. standard scaling) for
θ = 0.15.
We have systematically analyzed the scaling behavior of the
structure factor for the ballistic deposition model and the dis-
cretized KPZ equation as the correlation range of the noise,
θ, is varied in the interval [0, 1/2). We computed the scal-
ing exponents α and αs from data collapse analysis of S(k, t)
for system sizes L = 2048, 4096, and 8192. Note that large
system sizes are required for the surface to develop a faceted
pattern before it saturates. Our main results are summarized in
Fig, 4, where the global roughness exponent α and the spec-
tral roughness exponent αs are plotted as a function of the
noise correlation index θ for ballistic deposition growth. Sim-
ilar results were obtained for the numerical integration of the
KPZ equation with correlated noise (see Supplemental Ma-
terial), demonstrating that our findings are robust within the
universality class. Figure 4 clearly shows that the roughness
exponents split up at θth = 0.25± 0.03 for the ballistic depo-
sition model (a similar threshold value θth ≈ 0.23 was found
for the KPZ equation [54]). So that, below the threshold one
finds standard scaling with α = αs and no facets. In contrast,
as the noise correlation range is increased above the thresh-
old, faceted surfaces are formed and αs moves away from
α. For the sake of comparison, Fig. 4 also shows the main
theoretical approximations to KPZ with temporally correlated
noise. We can see that, while the global roughness exponent
is nicely predicted by the dynamic RG calculations of Medina
et al. [31] above the threshold, it fails to describe the corre-
lation effects below θth. Obviously, no present theory is ca-
pable of predicting the existence of facets and the associated
spectral roughness exponent as the noise correlation range is
increased.
Discussion.- While we lack of a complete theory to ex-
plain the numerical findings reported above, we can put for-
ward some arguments to rationalize the emergence of the
faceted patterns and the associated anomalous scaling.
Let us start by considering the limit case of KPZ dynamics
with the noise at site each site x fixed at all times, but uncor-
related from site to site– namely, the problem of KPZ with
columnar noise:
∂th(x, t) = ∇
2h+ λ(∇h)2 + η(x), (6)
where η(x) is a spatially uncorrelated noise
〈η(x)η(x′)〉 = δ(x− x′).
This problem corresponds to the limit θ = 1/2 of the long-
term correlated noise case in Eq. (3). It is well known [59]
that the columnar KPZ equation (6) exhibits facet formation
arising from the exponential localization of the field φ(x, t) ≡
exph(x, t) around some random centers xc. The auxiliary φ
can be interpreted as the probability density of particles dif-
fusing in a random potential η(x):
∂tφ = ∇
2φ+ η(x)φ(x, t). (7)
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FIG. 4. Global and spectral roughness exponents as a function
of the noise correlator index θ for the ballistic deposition model.
For comparison, existing theoretical predictions for α of the RG
treatment [31], Flory scaling approximation (SA) [58], and self-
consistent expansion approach (SCE) [48] are plotted. The inset
shows the difference α − αs as a function of θ showing the split-
ting of the exponents at θth ≈ 0.25.
The multiplicative-noise term in Eq. (7) leads to sharply lo-
calized solutions around random localization centers. The
stochastic field φ has an exponential profile, ∼ exp(−|x −
xc|/ξ), around any typical center xc with a certain localiza-
tion extent ξ. The solutions of Eq. (7) are, therefore, a super-
position of these exponentially localized functions. In turn,
this leads to a surface h formed by facets with their cusps at
the localization centers, h ∼ lnφ ∼ ±|x − xc|/ξ, as shown
by Szendro et al. [59]. There, the reported values of the global
and spectral roughness exponents were α = 1.07 ± 0.05 and
αs = 1.5± 0.05, respectively, in d = 1.
We conjecture that this localization picture can be essen-
tially extended for θ < 1/2. Our numerical results indicate
that the mechanism for the formation of facets based on lo-
calization remains valid while θ > θth, where θth ≈ 1/4.
Remarkably, the value θ = 1/4 was already shown to play a
special role in the perturbative RG approximation of Medina
et al. [31], as the point at which the renormalized noise ampli-
tudeD∗(ω) has a singular correction at leading ω-order. Fur-
ther singularities appear at larger values of θ making the RG
treatment ill-constructed. Our results strongly suggest that the
infinitely many singularities are a reflection of the failure of
the RG treatment to describe the appearance of a new expo-
nent αs 6= α. Given these results, it becomes clear that a
generalization of the RG theory would be required to describe
the generic scaling form (5) of the spectral function. Such a
generalization should be able not only to fix the nonphysical
singularities but it would also provide a coherent mathemati-
cal picture of anomalous kinetic roughening as a whole.
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